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Abstract.  With the widespread computation of 
gravimetric geoid and quasi-geoid models for GPS 
height transformation, there is renewed interest in 
defining vertical datums using height systems that 
are fully compatible with GPS-derived heights.  
Although orthometric heights are commonly used 
for such purposes, computation of their true value 
from spirit leveling observations requires an exact 
knowledge of gravity along the (curved) plumbline 
above the geoid.  Without direct gravity observa-
tions, several hypotheses must be made, and as 
such, numerous variants (approximations) of the 
true orthometric height have been derived.  

This paper evaluates six height systems using a 
simulated (exact) gravity field from a well-defined 
prismoidal mountain mass for which the gravity 
field and plumblines are unambiguously defined.  
From this, the simulated (true) orthometric heights 
are computed and compared to various approximate 
orthometric heights.  Geometric (ellipsoidal), nor-
mal, and dynamic heights are also evaluated.  Com-
parisons of the height systems are made regarding 
their utility, accuracy, and compatibility with grav-
imetric geoid and quasi-geoid models. 
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1  Introduction 

In recent years, modernization of vertical datums 
and associated height systems has received consid-
erable attention worldwide, particularly with regard 
to GPS-derived heights (e.g., Featherstone 2001, 
Hannah 2001, NGS 1998, Benciolini et al. 2001).  
Much of this renewed interest has been fuelled by 
the use of GPS for precise positioning, which in 
turn has led to increasingly refined geoid and quasi-
geoid models for GPS height transformations. 

Many height systems have been defined for dif-
ferent vertical datums throughout the world.  Each 
system has advantages and disadvantages with re-
gard to ease of computation, accuracy requirements, 

data availability, compatibility with GPS, needs of 
the user community, and, less obviously, the topo-
graphic setting in which the heights are used. 

This paper evaluates six different height systems 
using a simulated gravity field consisting of a pris-
moidal mountain mass superimposed on an ambient 
gravity field.  To gain insight into the purely theo-
retical performance of the height systems, they are 
evaluated as if all required data are perfectly 
known, i.e., in the absence of observational errors. 

2  Heights 

2.1  Geometric and gravimetric heights 

The widespread use of GPS has made geometric 
(i.e., ellipsoidal) heights directly available to many 
users.  Although not referenced to gravity, they rep-
resent a simple linear height above and perpendicu-
lar to an ellipsoidal reference surface. 

Gravimetric heights are referenced to gravity and 
can be expressed in the familiar form H = C / g, 
where C is the geopotential number and g is some 
scalar value of gravity (cf. Heiskanen and Moritz 
1967, chapter 4).  The way in which g is defined 
determines the type of gravimetric height system.  
Dynamic heights are defined as HD = C / go, where 
go is an arbitrary value of gravity (typically taken as 
normal gravity at 45º latitude).  Normal heights are 
defined as HN = C / γ , where γ  is the mean value 
of normal gravity along the (curved) normal gravity 
plumbline,  
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Orthometric heights are defined as HO = C / g , 
where g  is the mean value of actual gravity along 
the Earth’s (curved) plumbline between the geoid 
and topographic surface, 

∫=
O

0O

)(1 H

dzzg
H

g  .                                     (2) 



  

Since the true value of g  cannot generally be de-
termined, approximations are necessary, and several 
types of orthometric height have been proposed.  
The three types considered in this paper are de-
scribed below. 

Helmert orthometric heights are based on the fol-
lowing Poincaré-Prey relationship for mean gravity, 
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where g is the observed gravity at the topographic 
surface, F is the (linear) vertical ‘free air’ gradient 
of gravity, G is the universal gravitational constant, 
and ρ is the (constant) topographic density.  The 
right-most term in Eq. (3) is the Bouguer plate grav-
ity expression, which accounts for the topographic 
mass above the geoid but neglects terrain effects. 

Mader orthometric heights are based on mean 
gravity (Mader 1954, Krakiwsky 1965) given by, 
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where ddddgT and ddddgo
T are terrain corrections applied 

at the topographic surface and the geoid, respec-
tively.  The implicit assumption is that gravity var-
ies linearly above the geoid.  For the simulated 
model in this paper, the gravitational effect of the 
terrain is known exactly, so there is no need to ap-
ply terrain corrections to a fictitious Bouguer plate.  
Instead, Eq. (4) is modified for a total terrain effect 
(Heiskanen and Moritz 1967, p.132),  
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where gT and go
T are the vertical components of 

gravity due to the topographic mass at the ground 
surface and the geoid, respectively.  

Niethammer orthometric heights are based on the 
following equation for mean gravity (Niethammer 
1932, Rapp 1961, Krakiwsky 1965), 
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where 
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is the integral mean terrain effect on the plumbline 
between the geoid and the topographic surface.  As 
with Mader’s method, Niethammer mean gravity is 
computed here using the total terrain effect, 
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2.2  Leveled heights and their corrections 

The leveled height difference between points A and 
B is computed in the model as 
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where W is the gravitational potential at the points.  
In order to account for path-dependence due to the 
non-parallelism of level surfaces, leveled height 
differences require corrections of the form (Heis-
kanen and Moritz 1967), 
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where the correction KAB is added to the leveled 
height difference ∆nAB; gA and gB are taken from 
the denominator in the gravimetric height definition 
H = C / g; and HA and HB are the absolute heights in 
the system used. 

3  Synthetic gravity model 

A simplified ‘flat Earth’ gravity field model was 
used for this study because it allows computations 
of essentially unlimited spatial resolution, even to 
the sub-millimeter level.  In contrast, a model de-
rived from a spherical harmonic expansion of the 
Earth’s gravity field would require degree and order 
of ~20 million to achieve a resolution of one meter.  

The synthetic gravity model used is defined in a 
right-handed rectangular coordinate system, with 
the z-axis positive upward.  In this 3D system, the 
total gravitational potential (W) is a superposition of 
the normal and disturbing potentials, 
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where U is the normal potential and T is the disturb-
ing potential, due here solely to the superimposed 
topographic mass.  The normal potential and its 
derivatives are defined as 
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and all higher derivatives are zero.  The z-
dimension of the synthetic model denotes the geo-
metric height, and throughout this paper is consid-



  

ered equal to the ellipsoidal height, h.  The follow-
ing values were used for the planar normal gravity: 

Wo ≡ Uo ≡ 62,636,860 m2 s–2 is the gravitational 
potential of the geoid (at z = h = 0); 

γo ≡ 9.8 m s–2 is normal gravity at z = h = 0; 

F ≡ 3.086×10–6 s–2 is the vertical gravity gradient. 

Although the normal potential field used in this 
model is simplistic, it is mathematically consistent 
and a reasonably good approximation of Earth’s 
normal field for areas of limited spatial extent.  The 
maximum error due to the flat Earth approximation 
is ±0.8 mGal/km horizontally, and the error due to 
the linear gravity gradient is about –0.6 mGal/km 
vertically (cf. Hackney and Featherstone, 2002). 

The disturbing potential due to the gravitational 
effect of the topographic masses was modeled using 
rectangular prisms.  In general, the gravitational 
potential of a prism of uniform density with its 
edges parallel to a 3D rectangular coordinate system 
is given by (Nagy et al., 2000) 
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where 
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G = 6.67259×10–11 m3 kg–1 s–2 (Moritz, 2000) 

ρ = 2670 kg m–3. 

The results of integrating Eq. (13), and its deriva-
tives, are given by Nagy et al. (2000) and will not 
be repeated here.  However, two equations in that 
publication [Eqs. (11) and (12)] contain misprints, 
and so are given below as used in this model: 
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Only the potential and its first derivatives were used 
in the model.  Since both are defined over the whole 
R3, there were no mathematical existence problems 
due to discontinuous higher order derivatives.  

The topographic model is intended to represent a 
‘mountain’ on a scale consistent with the highest 
mountains on Earth.  The geometry is that of an 8-
km-high, stepped pyramid, where each step is a 2-

km-wide, 500-m-high bench.  It consists of 16 rec-
tangular prisms, each 500 m high, and has a total 
mass of 2.91×1016 kg.  The basal dimensions are     
x = y = 62 km, and its lower surface coincides with 
the xy-plane.  The mountain is centered at x = 0, 
with sides parallel to the coordinate axes.  ‘Bench-
marks’ are located at x = 0, 2, 4, . . . , 50 km.  On 
the mountain, these occur at the midpoint of each 
bench on the pyramid.  A cross-section (logarithmic 
scale) of the mountain is shown in Figure 1. 
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Fig. 1 Geometry of simulated mountain and resulting geoid. 

3.1  Synthetic model computations 

All computations were carried out in three dimen-
sions, but the results used here were taken in a ver-
tical plane of symmetry containing both the z and x 
axes.  This simplified the display and analysis of 
results, for example by representing plumblines as 
plane curves rather than 3D curves. 

The geoid height, N, resulting from superposition 
of the topographic mass on the planar normal field 
was computed by iteratively solving for the height  
z = N while holding the potential fixed at the value 
of Wo.  The resulting geoid surface is shown in Fig-
ure 1, where N ranges from 13.994 m at x = 0 to 
4.108 m at x = 50 km.  Helmert deflections of the 
vertical at the benchmarks (cf. Jekeli, 1999) are 
zero at x = 0, and increase to a maximum of 75.7” at 
x = 22 km.  Although isostatic compensation of the 
simulated mountain is not modeled, the maximum 
deflection of the vertical in the model is consistent 
with observed values in excess of 70” near Mount 
Everest (Bomford 1971, p.528). 

For computations performed ‘at the geoid’, the 
point on the geoid corresponding to the point on the 
topographic surface was taken along the straight 



  

‘ellipsoid normal’, i.e., in a manner analogous to the 
Helmert projection.  Comparisons with rigorously 
computed (Pizzetti) projections along the plumbline 
show that differences in heights are less than 1 mm, 
although differences in horizontal position are as 
large as 1.29 m. 

Dynamic heights were computed in the model by 
taking go = γo = 9.8 m s–2.  Normal heights were 
computed by integrating Eq. (1) with Eq. (12b) as 
the integrand and re-arranging to obtain 
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‘True’ orthometric heights were computed using 
multiple line segments to approximate the (curved) 
plumbline between the synthetic geoid and the 
benchmarks.  The segments were evaluated sequen-
tially from the benchmark (where deflection of the 
vertical had been computed) down to the geoid in 
an iterative process such that each segment inter-
sected perpendicular to an equipotential surface at 
its lower endpoint.  The maximum line segment 
length was 130 m, and the error of ‘true’ orthomet-
ric heights is estimated as less than ±0.0001 mm. 

For the computation of Niethammer orthometric 
heights, Eq. (7) was numerically integrated as 
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where gi
T is the effect of gravity due to the terrain 

on the plumbline at the endpoint of a line segment, 
and k is the total number of segments of length Li .  
The integration was performed along the ‘ellipsoid’ 
normal for all benchmarks, which is less computa-
tionally intensive than along the plumbline.  As a 
check, integration was also performed along the 
plumbline for several benchmarks, and the resulting 
heights differed by less than ±0.1 mm. 

4  Comparison of height systems 

4.1  Orthometric height accuracy 

Figure 2 shows the magnitude (i.e., absolute value) 
of the error in the various approximate orthometric 
heights (Section 2.2) with respect to the ‘true’ or-
thometric heights defined above.  From Figure 2, 
Helmert heights show the largest errors, whereas 
errors in Niethammer heights are negligible.  Mader 
height errors are of intermediate magnitude. 

Both Helmert and Mader height errors show an 
apparent spike near the mountain edge.  This is due 
to the errors going from positive to negative when 

plotted as absolute values.  Although some numeri-
cal instability due to edge effects and the coarseness 
of the model may also contribute to these spikes, it 
should be noted that they are in the sub-millimeter 
range and are therefore of minor concern. 
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Fig. 2  Magnitude of error for various approximate orthomet-
ric heights with respect to ‘true’ orthometric heights 

4.2  Relative height differences 

Each of the height systems considered in this paper 
give absolute heights that can differ considerably 
from one another.  However, the relative difference 
in heights is usually of greater interest than the ab-
solute height.  Relative height differences are illus-
trated in Figure 3 as the magnitude of the correc-
tions to leveled heights between adjacent bench-
marks, which were computed using Eq. (10) for 
gravimetric heights.  For geometric heights, the 
correction was computed as the difference between 
the change in geometric height and the leveled 
height difference in Eq. (9).  The difference in cor-
rection magnitudes between the various heights 
equals the difference in relative heights (except for 
dynamic heights, where the relative height differ-
ence equals the sum of the correction magnitudes, 
due to change in the sign of the corrections). 

Figure 3 shows that corrections to leveled 
heights can be quite large.  Geometric heights over-
all require the largest corrections.  For gravimetric 
heights, the largest corrections apply to dynamic 
heights, and Helmert orthometric heights require 



  

corrections nearly as large.  When the entire moun-
tain is considered, Niethammer heights require the 
smallest corrections of all the height systems (al-
though normal height corrections are slightly less 
for x > ~18 km, z < ~3500 m). 
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Fig. 3  Magnitude of corrections applied to leveled height 
differences between adjacent benchmarks. 

5  Conclusions and discussion 

Various height systems were evaluated using a syn-
thetic model of the Earth’s gravity field created by 
combining a planar normal field with that due to a 
pyramidal ‘mountain’ composed of right-
rectangular prisms.  Although simple, the model 
yielded results that could prove helpful in guiding 
selection of height systems to be used when ‘mod-
ernizing’ vertical datums.  Summarized compari-
sons of the height systems evaluated in this study 
are given in Table 1. 

The modeling results suggest that Niethammer 
orthometric and normal heights are theoretically 
consistent with geoid and quasi-geoid models, re-
spectively, and are therefore considered appropriate 
for modern height systems.  Mader orthometric 
heights are a more-or-less acceptable surrogate for 
Niethammer heights, but there seems little justifica-
tion for their use given the continuing growth in 
computational power.  Helmert orthometric heights 
are not recommended for modern height systems 
because of the large leveling corrections required 
and disagreement with true orthometric heights in 

mountainous terrain.  In addition, since Helmert 
heights neglect gravimetric terrain corrections, they 
are theoretically incompatible with modern gravim-
etric geoid models, which may be part of the reason 
that ‘hybrid’ geoid models such as GEOID99 
(Smith and Milbert, 2001) are necessary.  Dynamic 
heights can always be made available as part of any 
height system that utilizes actual gravity data, but 
are generally not useful.   

Additional research is recommended to aid in 
making informed decisions regarding development 
or modification of height systems, and to provide a 
theoretical foundation for their realization.  Users of 
height data are understandably resistant to change, 
and therefore any changes must be justifiable and 
should occur infrequently.  The choice to modify 
existing vertical datums cannot be made on theo-
retical grounds alone, but must also consider 
achievable accuracy, data availability, practicality, 
cost, and the overall needs of the user community. 

Finally, the orthometric height systems consid-
ered here use a constant topographic mass density 
and employ terrain corrections that are not consis-
tent with those used in geoid computation.  As such, 
they are strictly not compatible with geoid models, 
particularly those computed using variable mass 
densities.  Our future work will concentrate on the 
compatibility of different types of geoid models 
with different height systems.  
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Table 1.  Comparison of height systems.  Note that all gravimetric heights require observed gravity data, and all orthometric 
heights require an estimation of topographic mass density (which was assumed constant in this study). 

Height 
system Advantages Disadvantages 

Geometric 
(ellipsoidal) 

▪ Clear geometric meaning 

▪ Directly obtained from GPS measurements 

▪ Gravity data not required 

▪ Topographic density estimates and terrain correc-
tions not required 

▪ Not referenced to gravity, so of limited utility for 
applications involving fluid flow 

▪ Requires overall largest corrections to leveling of 
all the height systems (cf. geoid or quasi-geoid 
heights) 

▪ Not compatible with existing height infrastructure 

Dynamic 

▪ Simple to compute (no hypotheses about topo-
graphic density or terrain corrections required) 

▪ Points with same height are on same level surface 

▪ No geometric meaning, thus no simple way to de-
rive from GPS measurements 

▪ Requires largest corrections to leveling of all the 
gravimetric heights 

Normal 

▪ Simple to compute (no hypotheses about topo-
graphic density or terrain corrections required) 

▪ Geometric meaning as height above quasi-geoid 

▪ Quasi-geoid easier to compute than geoid 

▪ Compatible with GPS when derived from quasi-
geoid model 

▪ Corrections to leveled heights usually small 

▪ Quasi-geoid has no physical meaning (is not an 
equipotential surface) 

▪ Corrections to leveling can become substantial in 
mountainous terrain 

Helmert 
orthometric 

▪ Simple to compute (no terrain corrections required) 

▪ Can be derived from GPS using ‘hybrid’ geoid 
models 

▪ Conceptually, terrain corrections are not needed in 
a geoid model used with this height system 

▪ Poor agreement with true orthometric heights in 
mountainous terrain 

▪ Large corrections to leveling often necessary 

▪ Theoretically incompatible with gravimetric geoid 
(transformation of geoid may cause excessive falsi-
fication of geoid separation and slope) 

Mader 
orthometric 

▪ Good agreement with true orthometric heights in 
most situations 

▪ Simpler to compute than Niethammer heights 

▪ More consistent with gravimetric geoid than Hel-
mert heights 

▪ Corrections to leveled heights usually small 

▪ Error increases in mountainous terrain 

▪ Computationally intensive (requires computation of 
terrain effects at topographic surface and geoid) 

▪ Assumes linear variation in gravity above geoid 

▪ May require transformation of gravimetric geoid 
for consistency with GPS-derived heights 

Niethammer 
orthometric 

▪ Near perfect agreement with true orthometric 
heights in all situations 

▪ More compatible with GPS-derived heights from a 
gravimetric geoid that includes terrain corrections 

▪ Corrections to leveling are overall the smallest of 
all the height systems tested 

▪ Most computationally intensive of all the height 
systems (but this should not be an issue given mod-
ern computer power) 
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